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In the present Letter, we consider the use of spiral phase plates (SPPs) [5] , enabling us to investigate highdimensional entanglement with only two detectors. More specifically, we shall consider SPPs that impose on an optical beam a noninteger OAM expectation value per photon, in units of h [5] . Such devices, combined with single-mode fibers to form quantum-state analyzers, allow the observation of high-dimensional entanglement (N > 2), in contrast to the polarization case (N 2). These claims are supported by quantitative calculations; we predict highly nonclassical quantum correlations (S 3 1 5 ), i.e., stronger quantum correlation between two photons than the maximum correlation between two qubits (S 2 2 p ). A SPP, shown in Fig. 1(a) , is a transparent dielectric plate with a thickness that varies as a smooth ramp, thus phase shifting an incident field linearly with the azimuthal angle [5] . Placing such a plate in the waist of a Laguerre-Gaussian beam, the field in the exit plane just behind the plate will be described by hr; jŜ S'jl; pi u lp LG r; expi';
where jl; pi are the Laguerre-Gaussian (LG) field states, S S' is the operator representing the effect of the SPP on the input mode, and ' is the phase shift per unit angle.
The function u lp
LG r; hr; jl; pi in Eq. (1) is the complex amplitude of the Laguerre-Gaussian beam in its waist plane [1, 6] . Equation (1) describes a field amplitude that can be written as a superposition of an infinite number of LG components. When we require a certain fidelity, this number increases with '; as an example, for '
LG components are sufficient to describe 87% of the field behind the SPP, while for '
LG components are required.
From a topological point of view, SPPs with noninteger ' imprint a mixed screw-edge dislocation on an incident field. The result is rotational asymmetry of the imprinted phase distribution and thus of the emerging field, which becomes visible in the far-field intensity profile [ Fig. 1(b) ]. It is the orientation of the step in the transverse plane that we wish to exploit as an analyzer setting in a new bipartite entanglement scheme.
This proposed scheme is shown in Fig. 2 ; it has been inspired by the setup used in polarization entanglement [7] . We may orient the noninteger-' SPPs arbitrarily in the transverse plane, as shown in Fig. 2 , thus allowing their use as angular analyzers.
We stress that, in spite of the superficial similarity between a polarizer and a noninteger SPP, they are of course very different devices; for example, while polarization corresponds to alignment, the SPP edge corresponds to orientation. An equally important difference between the two cases is that whereas polarization Hilbert space is two-dimensional, OAM Hilbert space is infinite dimensional. Moreover we assume that OAM is conserved in spontaneous parametric down-conversion processes. This issue has been discussed in several recent works [2, [8] [9] [10] [11] [12] [13] and it seems that OAM is indeed conserved if two conditions are satisfied, namely, (i) the paraxial limit and (ii) the thin-crystal approximation. In practice, this is usually the case. In order to address all these aspects explicitly, we need a basis of the OAM Hilbert space that is suited for our purpose.
P H Y S I C A L R E V I E W L E T T E R S
In the polar representation in real space, the LG-basis functions can be separated into a radial part lp r and an azimuthal part l so that hr; jl; pi lp r l , where l e il = 2 p are the eigenfunctions of the OAM operator,L L z jli ljli; they provide a complete, orthonormal basis for the OAM Hilbert space.
We now transform the basis fjlig from integer to noninteger OAM by applying a unitary operator, which ensures that completeness and orthonormality of the basis are conserved. The natural choice for this operator is the spiral phase plate operatorŜ S' introduced in Eq. (1). It is useful to generalize the definition ofŜ S' toŜ S; ' by including the orientation of the edge dislocation. We define the new basis fja l ig asŜ S; 'jli ja lj i, where j is the integer part of the step index ' (not to be confused with the integer LG index l) and
where ; 2 0; 2. Let now 0; since the basis fja l 0ig is complete, the states after rotation, ja 
which depends neither on the integer part of the step index j nor on the OAM state l. For nonzero values of , this overlap function has a quadratic dependence on the orientation . This function is plotted in Fig. 3 for various values of . It illustrates that, when 0, the projection does not change, as expected. For values of Þ 0, the outcome of the projection is less trivial, with 1 2 providing an especially interesting case: when the state is rotated over by rotating the SPP, the state is orthogonal to the nonrotated state. To make our proposed OAM entanglement setup maximally equivalent to the polarizer setup, we focus from now on mainly on the case 1 2 . Note that, as Eq. (3) is independent of j, any SPP with ' j may be used, as long as There is, however, a key difference between the halfinteger OAM states on the one hand and polarization states on the other hand. Angularly intermediate states of polarization are a superposition of two orthogonal basis states, say, horizontal and vertical linear polarization, so that the overlap function varies as sin 2 . However, from Eq. (3) we see that in the present case the dependence of jAj 2 on yields a parabola. Thus we conclude that, as the SPP is rotated the OAM state follows a path through Hilbert space that is not confined to a twodimensional subspace.
When choosing a fundamental Gaussian pump beam, described by the function hr rj0; 0i 00 r= 2 p , and accounting for OAM conservation, the two-photon state can be described in the spatial polar representation as [14] j i 1 2 p Z dr r 00 r jr ri 1 jr ri 2 :
As discussed previously, we can separate the two-photon state into a radial and angular part, yielding
where we have defined the radial ket
and the direction (i.e., angular) ket jr ri. By applying a closure relation for both signal and idler photons in the half-integer SPP basis fja n 1=2 0ig and subsequently removing the closure relation with respect to the angular coordinate, we can write the two-photon state as [15] 
We can now calculate the coincidence fringe that is expected in the proposed experiment (Fig. 2) . In the signal path we place an analyzer consisting of a SPP with ' j 1 2 , where j is an integer, with its orientation set to 0, represented byŜ S0; j 1 2 , and a single-mode fiber projecting on the LG state j0; 0i j 00 ij0i. When the detector clicks, the signal state before passing through this analyzer is collapsed toŜ S y 0; j
0i, resulting in a Kronecker delta j;n in Eq. (7). We then place in the idler path an analyzer that is complementary to the SPP in the signal beam at an orientation ; i.e., the SPP is represented byŜ S y ; j 1 2 Ŝ S; ÿj ÿ 1 2 . The probability amplitude for both detectors firing in coincidence is given by
where
and 2 0; 2. We then find the probability that both detectors fire in coincidence,
So we find a parabolic coincidence fringe similar to the mode overlap probability in Eq. (3). The above result is valid for any choice of the signal SPP orientation and depends only on the relative orientation of the signal and idler SPPs. Thus a coincidence measurement on entangled OAM pairs using half-integer OAM analyzers will bring forth a coincidence fringe that is parabolic, regardless of the individual settings of the analyzers.
A sufficient requirement to prove high-dimensional entanglement of two particles is to demonstrate violation of a generalized Bell inequality. There have been several theoretical papers that address this issue [16] for Ndimensional particles (qunits) [3, [17] [18] [19] [20] [21] ; an example of a qunit is a spin-s particle with 2s 1 N. In our case, we do not deal with qunits: each SPP imprints the infinite OAM dimensionality of the (oriented) edge on a transmitted light field. Rotation of this edge is equivalent to a partial exploration of the complete Hilbert space along a certain path, namely, an iso-OAM path; due to this complexity, it is not clear how a generalized Bell inequality could be applied to our case.
However, instead of using a generalized highdimensional bipartite Bell inequality, it is allowed to use an inequality for lower-dimensional two-particle entanglement [21] . Thus we choose, as in the polarization case, the inequality introduced by Clauser, Horne, Shimony, and Holt (CHSH) for a measurement where the coincidence probability is expected to be a function of only s ÿ i [22] . When relabeling s and i as 1 and 2 (in no particular order), the CHSH inequality is given by [7, 23] 
The function E is specified for the variables x; y as [7, 24] 
The notation x ? (and similarly for y ? ) is used to indicate an analyzer setting that analyzes a state orthogonal to the state with setting x. Thus in our case, x ? x and y ? y . Px; y is the coincidence probability function, which is equal to Px; y jBjy ÿ xjj 2 . As the periodicity in the present case is half that of the case of polarization entanglement, we use the standard analyzer settings for polarization entanglement [7, 25] multiplied by a factor of 2: 1 ÿ . This is the key result of our Letter; it indicates that in the case of entanglement of half-integer OAM states the maximum violation of the CHSH inequality, given by Eq. (11), is stronger than the maximum violation that is allowed in polarization entanglement, namely, S 2 2 p . In other words, quantum nonlocality of the photons in the proposed setup is stronger than the maximum achievable for two qubits. To achieve this, only two detectors are required and only one coincidence count rate is measured per analyzer setting, in contrast to the OAM qunit setup requiring N detectors and N 2 coincidence count rates per analyzer setting [3, 19] .
In this Letter we have put forward a novel approach to demonstrate high-dimensional entanglement of orbital angular momentum states. The proposed setup uses analyzers that consist of noninteger SPPs and single-mode fibers, enabling detection of high-dimensional entanglement with only two detectors.
The key idea is to use the orientation of the edge dislocation in the SPPs. We specialize to the case of half-integer ' so that the orientation of the edge as an analyzer setting can, to a certain extent, be treated similarly as the axis of a polarizer in polarization entanglement. We analytically calculate the coincidence fringe in the entanglement setup and find it to be parabolic in shape and periodic over 2. When evaluating the well-known CHSH Bell parameter, we find S 3 1 5 ; i.e., we predict beyond-Bell pairing of two photons. This seems to be a consequence of the singular nature of our half-integer SPPs, which implies, in principle, infinite dimensionality. Experimental verification of the outlined proposal is under way.
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